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NONLINEAR GENERATION OF RADIATION IN
PLANETARY MAGNETOSPHERES
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Abstract
A novel nonlinear mechanism for generating narrow band electromagnetic ra-
diation in a nonuniform magnetoplasma is analyzed. Specifically, it is shown
that a large amplitude electrostatic upper–hybrid wave can parametrically excite
magnetic–field–aligned left–handed circularly polarized radiation as well as almost
perpendicularly propagating low–frequency electrostatic modes. The nonlinear dis-
persion relation, the growth rate, and the threshold of the parametric instabilities
are derived. It is suggested that the present nonlinear mechanism can be respon-
sible for the narrowband radiation which is frequently observed in the planetary
magnetospheres.
1 Introduction
The plasma wave spectra from the five planetary magnetospheres (viz. Earth, Jupiter,
Saturn, Uranus, and Neptune) contain signatures of coherent electrostatic and electro-
magnetic waves [e.g. Etcheto et al., 1982; Gough, 1982; Barbosa, 1982; Gurnett et al.,
1986] . Specifically, observations indicate that nonthermal electrostatic waves and contin-
uum radiation coexist near and just outside the equatorial plasmapause in the terrestrial
magnetosphere. Thus, there is a possibility that the continuum radiation can result from
conversion of an electrostatic upper–hybrid (UH) wave, which is excited due to free energy
available in electron beams, anisotropic electron velocity distribution functions, etc.. Four
mechanisms have been proposed for the radiation from the planetary magnetospheres.
These are: (i) linear mode conversion in a density gradient [Jones, 1976], (ii) nonlinear
coalescence between the UH wave and some low–frequency electrostatic wave in a uniform
plasma [Melrose, 1981], (iii) decay of the UH wave into a high–frequency (HF) left–handed
circularly polarized (LHCP) electromagnetic (EM) wave along the geomagnetic field lines,
and a low–frequency (LF) electrostatic (ES) mode (preferentially lower–hybrid) [Murtaza
and Shukla, 1984], and (iv) radiation from collapsing upper–hybrid solitons [Christiansen
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et al., 1984]. An evaluation of the various processes has been made by Ro¨nnmark [1985,
1989].
However, the planetary magnetospheres contain an equilibrium density gradient, which
can influence the propagation of the waves. It is therefore of practical interest [Stenflo
and Shukla, 1991] to generalize the theory for the parametric decay instability [UH →
radiation + low–frequency ES waves] including the effect of the plasma inhomogeneity on
the low–frequency longitudinal waves. This is the purpose of the present paper.
2 Theory
We consider the nonlinear interaction of a large amplitude upper–hybrid (UH) wave with a
fully ionized nonuniform plasma in an external magnetic field B0, aligned with the z axis.
The equilibrium density gradient is along the x axis; i. e., B0 = B0zˆ and nj0 = n0(x),
where B0 is the strength of the constant magnetic field, n0 is the unperturbed particle
number density, and j = e(i) stands for electrons (ions). We suppose that a finite UH
electrostatic wave is excited by electron beams in our planetary magnetosphere. The
resonant nonlinear interaction of a monochromatic UH pump wave (ω0,k0) with a low–
frequency electrostatic test wave (ωl,kl) gives rise to a nonlinear current which becomes
the source for the radiation (ωt, kt). For illustrative purposes, the latter is here assumed
to be left–handed circularly polarized (LHCP) propagating along the guide field B0zˆ. The
frequency matching condition [Murtaza and Shukla, 1984] is ω0 = ωt+ωl. As ω0/k0c << 1
for our electrostatic wave and as ωt/ktc can be of order unity, and as ωl << ω0, it is clear
that | kt |<<| k0 |. Thus, in the following, we shall denote both k0 and kl by the same
vector k. Furthermore, c is the speed of light.
The nonlinear interaction between the two longitudinal waves generates a LHCP trans-
verse wave, whose electric field Et− is given by
[k2t c
2 − ω2t + ω2peωt/(ωt − ωce)]Et−
≈ (qeωt/²0)[n0(v∗el · ∇ve0− + ve0 · ∇v∗el−)/(ωt − ωce) + in∗elve0−] , (2.1)
where Et− = Etx − iEty, ve− = vex − ivey, ω2pe = n0q2e/me²0, ωce = qeB0/me, qe/me is
the electron charge to mass ratio, nel is the electron number density perturbation, ve is
the electron fluid velocity, and the asterisk denotes the complex conjugate. Noting that
ve · ∇ve is approximately equal to −ve × (∇ × ve) (because kt is small), and that for
ωl <<| ωce | and k2⊥ρ2e << 1,
nel ≈ −n0 qe
me
ω2l
(ω2l − k2zv2te)
[
k2⊥ +
ky | ωce |
Lωl
− ω2ce
k2z
ω2l
]
φl
ω2ce
, (2.2)
where L = −n0/dxn0, ρe = vte/ | ωce | is the electron Larmor radius, vte = (Te/me)1/2 is
the electron thermal velocity, Te is the electron temperature, and φl is the potential of
the low-frequency wave, we write (2.1) in the form
DtEt− = −i(qe/me)[ω0ω2pek−/ω2l (ω0 − ωce)]C(ωl,k)φ∗l φ0 , (2.3)
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where Dt = k
2
t c
2 − ω2t + ω2peωt/(ωt − ωce) , k− = kx − iky , and C(ωl,k) = [k2⊥ω2l /ω2ce(1−
ω2ce/ω
2
0) − (kyωl/Lωce) − k2z ]ω2l /(ω2l − k2zv2te). In deriving (2.3), we have made use of the
electron fluid velocity in the field of the UH pump, i.e. ve0− = qek−φ0/meω0(1− ωce/ω0),
where φ0 is the potential of the UH pump.
The interaction between the UH pump and the radiation reinforces the low–frequency
(ωci << ωl <<| ωce |, where ωci = qiB0/mi is the ion gyrofrequency and qi/mi is the
ion charge to mass ratio) electrostatic modes. The perpendicular and parallel (to B0)
components of the low–frequency part of the electron fluid velocity are given by
v
el⊥ ≈ (qe/meωce)zˆ×∇φl + zˆ× v∗et · ∇ve0⊥/ωce
−(∂t/ω2ce)[(qe/me)∇⊥φl + v∗et · ∇ve0⊥], (2.4)
and
∂tvelz = −(qe/me)∂zφl − (v2te/n0)∂znel + v∗et · ∇ve0z , (2.5)
where v∗et = −iqeE∗t−/me(ωt − ωce).
Substituting (2.4) and (2.5) into the electron continuity equation
∂tnel + n0∇ · vel + (qe/meωce)zˆ×∇φl · ∇n0 ≈ −v∗et · ∇ne0 , (2.6)
eliminating nel by means of the Poisson’s equation
nel = nil − ²0
qe
52φ , (2.7)
making use of the ion number density perturbation nil, and neglecting the kyωl/Lωce term
in C, we obtain after Fourier transformation
ω2l k
2²lφl ≈ i[qeω2pe/meω0(ω0 − ωce]C(ωl,k)k−E∗t−φ0 , (2.8)
where ²l = 1 + χe + χi is the dielectric constant. The electron and ion susceptibilities
[Stenflo, 1981] are given by,
χe ≈
ω2l ω
2
pe
k2(ω2l − k2zv2te)
[
ky
Lωl | ωce | +
k2⊥
ω2ce
− k
2
z
ω2l
]
, (2.9)
and
χi =
1
k2λ2Di
[
1−
∞∑
n=−∞
ωl∆
ωl − nωci [1−
ω∗i
ωl
(
1− nωl
biωci
)
]
]
, (2.10)
where λDi = vti/ωpi is the ion Debye length, vti is the ion thermal velocity, ωpi is the ion
plasma frequency, ∆ = In(bi) exp(−bi), bi = k2⊥ρ2i , ρi = vti/ωci, ω∗i = −kyv2ti/ωciL, and In
is the modified Bessel function of order n.
Eliminating φl from (2.3) and (2.8), we obtain
Dt²l = −q2eω4pek2⊥C2 | φ0 |2 /2m2eω4l (ω0 − ωce)2k2 , (2.11)
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which is our new nonlinear dispersion relation. In the absence of the UH pump, the
LHCP electromagnetic wave and the low–frequency electrostatic modes appear as in-
dependent eigenmodes of the inhomogeneous magnetized plasma. The corresponding
linear dispersion relations are Dt = 0 and ²l = 0. The latter gives the low–frequency
mode. For example, for ωl >> kzvte, ωci, bi << 1, and ωci << ωlkyL, we have [Yu et
al., 1985] ωl = −(ω2pi/2ωv∆) ± [(ω4pi/4∆2ω2v) + ω2LH ]1/2 , where ωv = k2Lωci/ky, ω2LH =
(ω2pi/∆)(1+mik
2
z/mek
2⊥),∆ = 1+ω2pe/ω2ce, and k⊥ >> kz has been assumed. Clearly, the
standard lower–hybrid waves ωl = ±ωLH exist only if kyL∆1/2 >> ωpik2y/ωcik2⊥. When
the inequality is reversed, such as, in a region of strong density gradient, the forward
propagating lower–hybrid waves (positive sign) turn into the electron convection waves
whose frequency is given by ωl = ωv(1 +mik
2
z/mek
2⊥).
On the other hand, in the limits ωl << kzvte, ωci, k
2⊥ − kyωce/Lωl << (ωcekz/ωl)2,
bi << 1, we have χe ≈ 1/k2λ2De and χi ≈ (ω2pik2⊥/ω2cik2)(1− ωciky/ωlk2⊥L), where λDe =
(²0kBTe/n0q
2
e)
1/2 is the electron Debye length (kB is the Boltzmann constant). For this
case, the low–frequency long wavelength (in comparison with λDe) longitudinal mode
would be the usual electrostatic drift wave, given by ωl ≈ kyv2te/ωceL(1 + k2⊥ρ2s) , where
ρs = (Te/miω
2
ci)
1/2 is the ion Larmor radius at the electron temperature.
Assuming that Dt ≈ 0 and ²l ≈ 0, we can Taylor expand the left–hand side of (2.11) and
obtain the growth rate
γ =
qi√
2me
ω2pe
ω2l
| C
ω0 − ωce || (
∂Dt
∂ωt
)(
∂²l
∂ωl
) |−1/2| φ0 | . (2.12)
The threshold value is obtained by incorporating the proper linear damping rates of the
radiation and the lower–hybrid–convection mode. We find
| φ0 |2= 2m
2
e
q2i
ω4l
ω4pe
(ω0 − ωce)2∂Dt
∂ωt
∂²l
∂ωl
γtγl
C2
, (2.13)
where γt and γl are, respectively, the damping rates of the transverse and low–frequency
longitudinal waves [e.g. Murtaza and Shukla, 1984]. Thus, the rate of generation of
radiation by the UH pump in nonuniform magnetoplasmas is governed by (2.12) provided
that the threshold electric field satisfies (2.13). We observe that the effect of the plasma
nonuniformity is to modify the strength of the coupling constant, as well as the spectrum
of the low–frequency longitudinal waves.
3 Summary
In summary, we have presented a nonlinear theory for the generation of radiation in a
planetary magnetosphere. Specifically, we have considered the parametric decay of a
monochromatic UH electrostatic pump into a LHCP electromagnetic wave and a low–
frequency longitudinal wave in an inhomogeneous magnetized plasma. For this purpose,
a new dispersion relation for the resonant three–wave decay interaction has been derived
and analyzed. We found that the plasma inhomogeneity introduces new low–frequency
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electrostatic modes, which may now participate in the decay interaction process. The
present nonlinear process may account for the continuum radiation that has been observed
in the magnetospheres of the Earth as well as other planets.
Finally, we mention that the present investigation can be easily generalized for cases in
which the O– and X–modes are involved. The electromagnetic wave spectra as well as the
strength of the coupling coefficients would then be different from those presented here.
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